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1.   Introduction: 

A  general  problem  in  optimal  control  can  be  stated  as  follows: 


Let  C  be  the  class  of  arcs 


a:  xi(t)     uk(t)     ba     t°  <  t  <  t1 


i=l,...,N     k.  =  1, .  . .  ,k     a=l,...,r 

whose  elements   (t ,x(t) ,u(t) ,b)   lie  in  a  region  R  in   txub   space  and  which 
in  addition  have  u(t)   piecewise  continuous  and  satisfy  the  constraints 

x1  =  f1(t,x,u,b)     i  =  1,... ,N 

i>    (t,x,b)  <  0     a  =  l,...,m'      ty    (t,x,b)  =0     a  =  m'  +  l,...,m 

6n(t,x,u,b)  <  0     n  =  1,...,L'    6n(t,x,u,b)  =0     n  =  L'  +  1,...,L 

I  (a)  <  0     Y  =  1.....P1        Iy(a)  =0    Y  =  p'  +  1,.-.,P 
x~(tS)   =  X1S(b)     i  =  1,...,N     s  -  0,1 

t1 

where  I  (a)  =  g  (b)  +  /  L   (t,x(t) ,u(t) ,b)dt     y  =   l,...,p 

Y        Y 

t 

It  is  desired  to  minimize  the  integral 

1 
t 

io(a)  =  gQ(b)  +  /  Lo(t,x(t),u(t),b)dt 

o 

t 

on  the  class   C. 


With  the  dimensions  of  our  terms  allowed  to  assume  new  values,  the 
above  problem  is  expressible  as  one  in  which  the  constraints  have  the  simpler 

basic  form  shown  below  and  also  an  assumption  made  on  the  rank  of  the  matrix 

ex 
Cip  f  )   in  the  general  problem  is  transformed  into  a  stronger  condition  in  the 

basic  problem. 

The  basic  constraints  are: 

x  =  f  (t,x,u)     i  =  1,...,N. 


\p    (t  ,x)  <  0     a  =  1, .  .  .  ,m 


I^(a)  <  0     y  =  1.....P1     Iy(a)  =0     y  =  P*  +  1.....P 


xx(ts)  =  Xls(b)     s  =  0,1     i  =  1,...,N 


The  methods  of  Hestenes  are  used  to  show  that  when  a  solution  arc  to 
the  basic  problem  is  normal,  then  the  second  variation  of  a  certain  functional 
is  non-negative  on  a  class  of  variations  of  that  solution  arc.   Extension  of 
this  result  to  the  general  problem  is  the  subject  of  a  succeeding  paper. 


2.   A  Basic  Problem 

(1) 
In  what  follows  we  shall  assume  familiarity  with   [1]  and  [2]  and  shall 

use  quantities  defined  there.   In  addition,  unless  otherwise  specified,  the 

conventions  and  notations  of  those  papers  will  also  apply  here. 

A  slight  generalization  of  the  problem  of  Section  4  of  [1]  appears  in 
the  following  statement. 

Let  C  be  the  class  of  arcs 

o        1 
i/\       k,  \      ,°      t   <  t  <  t 
a:  x  (t)      u  (t)      b 

i  =  l,...,N,      k=l,...,K,       o=l,.. .,r 

(2) 
whose  elements   (t,x(t) ,u(t) )   and  b   lie  respectively  in  open  sets  R  in 

txu  space  and   B   in  b   space  and  which  in  addition  have  u(t)   piecewise 

i  k    o 

continuous.   The  terms   x   are  called  state  variables.   The  terms  u  ,  b 

are  called  control  variables  and  control  parameters  respectively.   We  require 

these  arcs  to  satisfy  the  constraints. 

(la)  x1  =  f1(t,x,u)  i  =  1,...,N 

(lb)  ^a(t,x)  SO  a  -  1 m 

(lc)  I  (a)  <  0    (Y  -  l,...,p')    I  (a)  =0    y  =  P'  +  1.....P 

(Id)  xi(ts)  =  Xis(b)  s  =  0,1 

where: 

1 

I  (a)  =  g  (b)  +  /t  L  (t,x(t),u(t))dt      y  =  1.....P 
Y      y    t°    Y 

(1)  Numbers  in  brackets  refer  to  references 

(2)  Unless  otherwise  noted  the  indices   i,  k,  o,  a  will  have  the  respective 
ranges   i  =  1,...,N,   k  =  1,...,K   o  =  l,...,r,    a  =  l,...,m 


It  is  desired  to  minimize  the  integral 

(2)  IQ(a)  =  gQ(b)  +   J         Lo(t,x(t),u(t))dt 

on  the  class  C 

We  suppose  that  the  arc 

a   :  x  (t)      u  (t)      b       t°  <  t  <  t 

o  o  o  o 

(1) 

&    ct    ct   i 
is  a  solution  to  our  problem.   In  addition  we  set   cf>  =  ty     +  \p    .f   and 

x 

"1  ^ 

except  for  the  functions  XJ  (b)   j  =  1,...,N   s  =  0,1  which  are  assumed 

to  be  C  on  B  we  assume  all  other  functions  to  have  the  continuity 

(2) 
properties  introduced  in  Section  4  of  [1].   The  set  R   is  defined  as 

the  set  of  points   (t,x,u)   in  R  satisfying 

(3a)  ij/*  <  0 

(3b)      cf>a   >   0         Vc^01  =   0     or     <J>  a   <   0     Va^a  =   0  a  =   1 , .  .  .  ,m 

Finally  let  D  be  the  set  of  points   (t,x  (t) ,u)   in  R   with  u  =  u  (t) 

or  for  arbitrary  u,  with   t   interior  to j an  interval  of  continuity  of 

u  (t).   Then  we  assume  that  the  matrix 
o 

(4>  (<t>ak)       a  =  l,...,m 

u 
has  rank  m  on  D 

In  stating  the  above  problem,  the  primary  modification  we  have  made  to 

the  problem  of  Section  4  of  [1]  was  in  allowing  the  functions     i>        to 

have  arbitrary  form. 


(1)  For  a  function  M(t,x,u,b),  the  notations  M   •  M  ,  >  M   »  M, 

x^    u     b 

denote  first  partial  derivatives  with  respect  to  the  indicated  variable. 
Also  unless  otherwise  specified,  repeated  indices  will  be  summed. 

(2)  We  shall  at  a  later  point  strengthen  these  assumptions  for  proving  the 
second  order  theorems  to  follow. 


An  examination  of  the  proof  of  Theorem  6.1  of  [1]  will  show  that  with 
the  following  minor  modifications  the  statements  of  that  theorem  apply  to 
the  problem  introduced  above:   the  symbols  N+m,   K+m,   r+2m  are  replaced 
by  N,K,r  respectively  and  the  function  G(b)  has  the  form 

(5)   G(b)  =  XogQ  +  Xygy  +  Xp+.Xio    Y=l,...,p    i-1 N 

We  require  two  properties  of  the  multipliers  y  (fc)   not  proven  in  Theorem 
6.1  of  [1].   The  first  of  these  properties  is  established  in  the  following  lemma 
Lemma  2«1«   The  multipliers   y  (t)   are  constant  on  intervals  upon  which 

At)  <  o. 

Proof:   The  proof  of  this  is  a  simple  modification  of  a  proof  in  [1]. 

Fix  a  =  a,   1  <  a  <  m  ,and  let   [t',t'']  be  an  interval  such  that  ^a    (t)  <  0 

there.   Referring  to  Section  13  of  [1],  let  w  be  an  arc  in  the  class  W 

satisfying 

wF(t)  =0      r  =  1,...,K      Tja  t°  <  t  <  t1 

wa  (t)  =  0      te[t°,  t']  U  [t'V1]. 

Referring  to  the  argument  involving  (169)  and  (170)  of  [1]  we  see  that 

those  relations  hold  now  also  so  that  corresponding  to  (171)  of  [1]  we  obtain 

ft" 
(6)  /   -u_  wadt  >  0 

t»       a 

where  according  to  the  definition  of  the  class  W,   the  sign  of  w    is 

arbitrary  on   [t',t''].   Then  by  the  Fundamental  Lemma  in  the  Calculus  of 

Variations,  the  multiplier  y_  (t)   is  constant  on   [t'.t'']- 

a 

While  the  construction  of  the  proof  has  been  with  [t',t"]  interior  to  [t^t1], 

nevertheless,  continuity  properties  of   y-(t)   establish  it  also  for  all  sub- 

a 

intervals   [t',t"]  of   [t°,t  ],  thus  proving  the  lemma. 
The  second  property  is  that 

Pa(t1)  =  0    if   At1)  <  0    a  =  1,...  ,m 


This  property  is  established  by  an  argument  directly  analagous  to  that  used 
in  [3]  on  page  372  and  will  not  be  repeated  here. 
3*   Normality 

Let   q  • (t)   and   z   (t)       (y  =  0,1,..., p,     i,j  =  1,...,N) 
be  the  functions  of  (66)  in  [1]  and  as  in  (70)  of  [1]  define  the  functionals 
(7a)   J  (a)  =  qYJ(t°)[xj(t°)  -  Xj°(b)]  +  Iy(a)      Y  =  0,1,.  .  .  ,p 

(7b)   Jp+i(*)  =  z.j(t0)[Xj0(b)  -  J(t°)]    +  x^th  -  Xi3-(b) 

(7c)  Jp+N+i(a)  =  Xio(b)  -  xi(t°)      i,j  =  1,...,N 

Next,  denote  by  &d,    the  triple  of  vectors 

&a:  <Sxi(t)      6uk(t)      6ba      t°  <  t  <  t1 

(with   6x(t)  ,   6u(t)  respectively  continuous  and  piecewise  continuous  functions.) 
We  call  &CL   a  variation  of  the  arc  a   and  for  any  function  M(t,x,u,b) 

which  possesses  first  partial  derivatives  with  respect  to  x,u,  b  along 

(1) 

a  ,  we  call 
o 

6M(t)  =  M  .(t)<Sx1(t)  +  M  ,  (t)6uk(t)  +  M.  (t><$ba 


x 


1 k  '  ta 


the  variation  of  M  along  a.       due  to  the  variation  6a  . 

°        o 

(2) 
We  call  a  variation  &CL   admissible  if  it  satisfies 

6X1  =  Sf1     i  =  1,...,N 

ct  ct 

6\\>    (t)    <   0     on  a  neighborhood  of      s  a  =   l,...,m 

where     sa   =   {tUa(t,x    (t))   =   0} 

o 

Next,  define  the  expressions 

(8a)  J' (a  ,6a)  =  q  . (t°) [6xj (t°)  -  6Xjo]  +  I'(a  6a) 

(8b)  J'  +  .(aQ,6a)  =  Zi.(t°)[6Xjo  -  6xJ(t°)]  +  6x1(t1)  -  6X11 


(1)  Unless  otherwise  noted,  for  a  function  Z(t,x,u,b)  the  notation 

Z(t)  will  denote  Z(t,  x  (t),u  (t)b)  for  the  arc  a    under  consideration. 

o     o   »  o  o 

(2)  See  section  11  of  [1]. 


(8C)   J^N+i("o'6a)  =  6Xl°  "  6xl(t0) 

as  variations  of  the  functionals  (7)  due  to  the  variation  6a.   of  a        and 

o 

where  1 

r(aQ,6a)  =   6gY  +  qJ     6L  dt  y  =  0,l,...,p 

Now  let  Yi   be  those  indices  for  which 
k 

(9)  I   (a  )  <  0  1  <  Y  ^  p' 

and  let  p  be  the  number  of  such  indices.   According  to  Theorem  6.1  of  [1], 

then  with  X   as  the  multipliers  of  that  theorem  we  have 
Y 


Yk 


=  0      k  =  l,...,p 


Next  let   y  (t)   be  the  functions  of  Theorem  6.1  of  [1]  and  define 

a 

the  solution  arc  a.        to  be  a  normal  solution  if  there  are  ft  =  p-p+2N 

(where  p   is  the  constant  introduced  above)  admissible  variations 

6  0-    (co=l,...,ft)  of  a       which  satisfy  the  conditions 
co  o 

(10a)      6  <j/*(t°)  =  0      if  ii  (t°)  4   0 

co  a 

(10b)      6  ty    (t)  =0  on  a  neighborhood  of   s   a  =  l,...,m 
in  addition  to  providing  that  the  matrix 

(10c)      (Jp(V6toa))    p  =  1»-"»P+2N>    P  *   V    «  -  l,...,fi 

is  non  singular. 

Define  the  class  Y  of  admissible  variations 

i/        i/\       k/N       o       o        1 
/:     y  (t)     v  (t)     z      t  <  t  <  t 

of  a   which  in  addition  satisfy 

o  J 

(1)        The  notation  6^  (t)   denotes  the  variation  in   the  functions 
t^a(t)   due  to  V.      Similar  notation  will  also  be  used  for  other  functions 


(11a)     6yif  (tc)  =  0      if   ya(tc)  ^  0      c  =  0,1 


,  a  ,— 


(lib)   6  \\)    (t)  =  0  if  y  (t)   is  not  constant  on  a  neighborhood  of  t 

y  a 


(lie)  6y<j/*(t°)   =   0  if     <At°)   =   0         1   <  a   <  m 

(lid)  J,(a,V)=0  if      X     10  1<y^P? 

Y  o'  Y 

(lie)      Jf(a,V)<0  if      A      =   0  Y^Y,  1<Y^P' 

Y       O  Y  k  i  r 

(llf)  J'(a   ,J0    =    0  p'<p<  p+2N 

p      o 

where  y        are  the  indices  of  (9)   and  where  the  multipliers   A  ,  y  (t) 
are  those  of  Theorem  6.1  of  [1]. 

At  this  point  we  include  in  our  assumptions  the  following  conditions: 

a  3        1 

i)   the  functions   ^   are  of  class   c   and  c   respectively  with  respect 

a  2 

to  x  and   t   and  if>   is  of  class  c   with  respect  to  x  while  the 

i  ic  2 

functions   f  ,  L  .  g  ,  X    are  of  class   c  ;   ii)   the  function  u  (t) 

Y  Y  o 

is  continuous  on   [t  ,t  ].   For  this  problem  we  will  prove  the  following 

theorem. 

Theorem  3.1  Let  a       be  a  normal  solution  to  our  problem.   Then  the 

o 

multipliers  X    ,  y  (t),  p.(t),k    p  =  0,1,..., p+N  of  Theorem  6.1  of  [1] 
satisfy:   i)  X     ^0,   and  ii)   with  X     =1,  these  multipliers  are  unique. 
Furthermore  with  G  and  H  as  the  terms  of  Theorem  6.1  of  [1]  then  for  each 
variation  V     in  the  class  Y,   we  have  that 

(12)   0  <  ['(p.  (tC)X^  )C=1  +  G  a   t  4-  kV±  .(tVWzV 

■"■     b  b   n      bb        xxJ     bb 
c=0 

-       /       [H  yV      +      2H.ky\k     +     H  vV]dt 

O  X   X  x   u  u    u 

i,j=l,...,N  h,k=l,...,K  ax=l,...,r  a=l,...,m 


4«   An  Imbedding  Lemma 

In  order  to  prove  this  result  we  will  first  prove  the  following  lemma 
with  the  aid  of  the  proof  of  Lemma  11.1  of  [1]. 
Lemma  4.1.   Let  a (3 )  be  the  h  parameter  family  of  arcs 
a(3>:      x(t,3)      u(t,3)      b(3)      |b|<3°,      h=l,...,h 
associated  with  the  admissible  variations 


6  .<*: 
h 


5hx(t) 


6hu(t) 


6hb 


h  =  l,...,h 


as  constructed  in  Lemma  11.1  of  [1].   Then 

/-n  >*   9x_(t,0)    .   i,  . 
(13a)  tt-v     =  6   x  (t) 

36h         h 


,10,v   3u  (t,0)      k.  . 
(13b)   — -v     =  6  u  (t) 

36h         h 


(13c) 


3b°(0) 

33L 


"6hb 


h  =  l,...,h 


t°  <  t  <  t1 


In  addition,  the  functions 

c"»  ISP1 

h  s 


h  s 


(14c) 


32b°(3) 

36,  33 
h  s 


h,s  =  1, . . . ,h 


t'  <  t  <  t 


g   <B 


exist  and  are  continuous  where:   i)   6°   is  the  constant  referred  to  above  and 
ii)   [t',t'']   is  an  interval  of  continuity  of  6fau(t)   (]  <  h  <  h) . 
Proof:   As  a  first  step,  we  note  according  to  the  continuity  properties  of 

ct 
the  functions  ty        and  their  derivatives  together  with  the  definition  of 

(1)    a 
the  functions    <(>  ,   that  these  latter  functions  together  with  their  mixed 

partial  derivatives  up  through  the  second  order  with  respect  to  x  and  u 

are  continuous  on  R.   Hence  these  statements  hold  also  for  the  functions 

<j)    ,...,   4>   introduced  in  Section  8  of  [1].   Referring  to  Lemma  10.1  of 

Y 
[1]  and  using  these  additional  continuity  properties  of   <j>   we  see  that 

the  functions  U(t,x,s)   of  that  lemma  are  continuous  and  have  continuous 

first  and  second  order  mixed  partial  derivatives  with  respect  to  x,  and   s 

on   a  neighborhood  of  the  arc  <X    . 

Furthermore,  by  referring  to  the  remarks  following  (121)  of  [1],  the 

existence  and  continuity  of  the  functions 


(i5>  ff-fc^i. 

h 


8uk(t,e) 

9Bh 


[t'  <  t  <  t"I 


(where  u(t,3)  is  defined  as  U(t,x(t,8),  s(t,6))  as  in  [1])  is  established, 
with   [t',t'']   as  an  interval  of  continuity  of   6  u   (1  <  h  <  h) . 
Now  define  the  Nh   functions 


(16)  KJ(t,k,B)  =  fj±k£  +  fjx 


x       s    h 


i,j  =  1,...,N 
h  =  l,...,h 

x,r  =  i,...,k 


(1)   See  remarks  below  2) 


10 


where   i)   the  functions  U   are  those  of  lemma  10.1  of  [1]  and  ii)   the 

arguments  of  the  derivatives  of   fJ   and  U  are  (t,  x(t,8),  s(t,8)) 

as  described  in  (115),  (118)  and  (119-1)  of  [1] . 

By  the  properties  of  the  functions   f,  x(t,8),  U,  s(t,B),   we  may  solve 

(1) 
the  system  of  differential  equations 


(17a)  «£  -  K^ 


=  0 


with 

(17b)  kJ(t°,B)  ■  »f  (t°'g) 

e"(t°)  =  b    •  h  =  i,...,h 

for   |b|  ^  B  ,   where  this  is  the  constant  referred  to  above.   We  thus  obtain 
the  family  of  functions 

(18)  kjj(t,B)      h--l,...,h      t6  <  t  <  t1     |$|  <  B°. 

Now  according  to  the  definition  of  x  (t  ,B)  given  in  (119-2)  of  [1] 

together  with  Lemma  10.4  of  [1]  we  see  that  the  functions  t-t~   '    are 

3Bh 

of  class  C  .   Then  by  the  theorem  referred  to  above,   we  see  that  the 
functions  kr(t,B)   and    h    '         h,s  =  l,...,h  are  continuous 


on  intervals   [t',t'']   upon  which   61u(t),  ...,  6_u(t)  are  continuous. 

h 


Nex 


t,  by  referring  to  the  functions  K^J   of  (16),  we  see  that  the 


(1)   See  for  example  Theorem  14.2  of  chapter  1  of  reference  [3]. Also  we  have 
included  the  parameter   B  as  the  variable   8   in  this  system. 


11 


3x  ( t  &>~) 

functions  t-t—  '    of  (15)  also  satisfy  the  system  (17) .   Then  by  the 
93h 

uniqueness  of  solutions  to  (17)  we  obtain 

(i9)  kj(t,e)  =|f^(t,e)         h  =  l,...,h 

Furthermore  by  the  properties  of  the  functions  kr(t,3)   already  established, 
we  see  that 

(20a)  33\et,6)     h,s  =  l,...,h      1 3 1  <  3°   t'<t<t" 

h  s 

also  exist  and  are  continuous,  where  [tf,t,f]   is  an  interval  upon  which 

61u(t),...,   6_u(t)   are  continuous, 
h 

By  (20a)  together  with  the  definition  of   s(t,3)   and  the  properties  of  the 

functions  U  of  Lemma  10.1  of  [1]  as  described  in  the  remarks  above  (15), 

we  see  that  the  functions 
2  k 
(20b)   ij  "  ^t>g)      h,s  =  l,...,h      |6|  <  3°      [t',t"] 
h  s 

are  also  continuous(where   [t',t'']   is  as  described  below  (20a)). 

Finally,  by  using  the  functions   0  (3)   of  (121)  of  [1],  we  see  that  the 

above  statement  also  holds  for 
2 

(20c)    f^-jp-  h,s=l,...,h     |@|   <  e°  [t',t'»] 

h  s 

Thus  statement  (14)  is  proven. 

In  order  now  to  establish  statement  (13) ,  we  observe  that  (119-2)  and 

(114)  of  [1]  yield 

i/.  o 


(21)  %    <C  >°>   =  ^xV)      h-1 h 

h 

Furthermore,  by  the  definition  of  u(t,3)  together  with  s(t,3)  defined  as 
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(22)   sr(t,B)  =  /(t)  +  Bh[<j>r.(t)6hxi(t)  +  <j)rk(t)6huk(t)] 

X  u 

h  =  l,...,h    r  =  1... . ,K 


in  (115-2)  and  (115-3)  of  [1],  we  obtain 
(23)   9uNt,0)  m   yk   3x*(t,0)  +  yk 


36t 


i   3U 
x     h 


.r   i  ,  r  .  x 

A  .  6.  x  +  <p      6,  u 
l  h       x  h 
x         u 


k,r,x  =  i,...,k 
h  =  i,...,h 

where  the  bracketed  term  has  argument   t  and  represents  the  partial 
derivative  of  (22)  with  respect  to   3,   and  where  the  argument  of  the  partial 
derivatives  of  U  are   (t,x(t ,0) ,s(t,o)) • 

Since   s  (t,0)  =  <J>  (t)   and  x(t,0)  =  x  (t)   then  by   (102)  of  [1] 


we  can  write  the  relation  (23)  as 


(24)  iJLitaPl  =  _  ^3x^,0)  +  ^ 


36 


x     h 


<J)  .  0,  X   +  <p   0.  u 

i  h       t  h 
x         u 


h  =  l,...,h 

r,k,x  =  i,...,k 


where  the  matrix   (c   (t))   k,T  =  1,...,K  is  the  inverse  of  the  matrix 


(<j)  t(t))   as  introduced  in  (64)  of  [1].   Thus  there  results 
u 


,,,-n   3u\t,0j     k  r 

(25)   ae'    "  V  i 

h  x 


6,  x 
h 


i   3x1(t,0) 


36, 


+  6,u 
h 


h  -  l,...,h   T,k  =  1,. ..K 


Now  writing  x(t,6)   for  x  in  the  right  hand  side  of  (119-1)  of  [1], 
then  differentiating  with  respect  to  g   at   6=0  and  using  (25)  results  in 


<»>  ^  HH  •$$+  $ 


k  J    /r   p   3xl\     x   k 
x  h 


k,T  =  1.....K      i,j,p  =  1,...,N 

3x 
where  the  unlisted  arguments  in  the  terms  —  are   (t,0)   and  in  the  other 

dp 


h  =  l,...,h 

3x 


terms  is   t.   Then  according  to  the  definition  of  an  admissible  variation  as  listed 
above  (8),  together  with  (21),  we  see  by  substituting  the  terms   <5,x  for 

_2L_U,0)   in  ^26^  that  these  functions  both  satisfy  the  same  set  of  differential 

36h 
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equations  and  pass  through  the  same  initial  point.   Then  by  the  uniqueness 
of  solutions  to  (26)  and  (21)  we  see  that  (13a)  is  proven.   The  relations 
(13b)  and  (13c)  follow  respectively  from  (13a)  together  with  (25)  and  from 
the  definition  of  the  functions   0  (3)   of  (121)  of  [1] .   Thus  Lemma  4.1 
is  proven. 
5.   Proof  of  the  first  two  statements  of  Theorem  3.1 

By  the  construction  of  Lemma  11.1  of  [1]  our  family  a  (3)   of  Lemma 
4.1,  for   3  >  0    h  =  l,...h   is  in  the  class  A  described  above  (71) 
of  [1]. 

Now  let   Xp   (p  =  0,1,...,  p+2N)   be  the  constants  of  Theorem  8.2  of 
[1]  and  let   6  a   (co  =  l,...,fi)  be  the  variations  described  in  (7).   Then 

CO 

by  (70)  in  addition  to  Lemmas  11.1  and  15.1  and  the  inequality  (155-2)  all 
from  [1]  together  with  Lemma  3.1  and  the  definition  of  the  terms  J '  (a  , 

6  a.)   given  in  (8)  we  have  that 

to 

(27)      X  J1  (a   ,6  a)  >  0     p  =  0,1, . . .  ,p+2N,   co  =  l,...,ft 

p   p   O   CO 

where  J'  (a  ,6  a.)   is  interpreted  as  a  variation  of  J   from  the  family 

p   O   CO  p 

a(3)  with  6,  >  0   (1  <  h  <  h)   of  Lemma  4.1 
n 

Furthermore,  according  to  our  definition  of  an  admissible  variation, 

we  see  that  the  variations  6   a     co  =  l,...,fi  are  also  admissible.   Thus  by 

co 

an  argument  analagous  to  that  used  above  we  see  that  (27)  holds  with  -6  a. 


replacing   6  a.      Since 

co. 


then  we  must  have  that 


j'  (a  ,  -  6  a)  =-j'  (a  ,6  a) 

po  co  poco 


(28)  X  J'(a    ,6   a)   =   0  p  -  0,1, . , .  ,p+2N;  co  =  l,...,fi 

p     p       O       CO 

(where     0,     is   always,    the   constant   introduced  above   10)). 
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Next,  according  to  section  7  of  [1],  the  multiplier   P.(t),   y  (t) ,  Ka 
of  Theorems  6.1  and  8.2  of  [1]  are  the  terms  of  (76)  of  [1]  and  the  relation- 
ship between  the  multipliers   X,   X   respectively  of  Theorems  8.2  and  6.1  of 
[1]  is  by  (92)  and  (76)  of  [1]. 

X   =X       Y  =  0,1, p      X  ,.  =  X  ,__,_  =  KV\(t°)   i=l,...,N 

Y     Y  p+i     p+N+i        l 

According  to  the  definition  of  the  multiplier  p  (t)   given  in 

i 

(76)  and  (66)  of  [1]  we  see  that 

(29a)  p.Ct1)  -  -Ap+. 

and  by  the  relationships  indicated  above  (29)  we  see  that  with  y,       as  the 

indices  referred  to  in  (9b) 

(29b)  0=X   =  X        k  =  l,...,p 

Y^    Y 

Thus  in  (28)  we  may  restrict  p   not  to  be  any  of  the  indices  y 
k  =  l,...,p  and  obtain 

(30)  %   J' (a  ,6  a)  =  0      p  =  0,l,...,p+2N     P  ^Y,  5  w  -  l,...,n 

p  p   o   0)  tc 

Now  assume  that  X   =0.   Then  by  (29b)  together  with  (30)  and  the  non- 
singularity  of  the  matrix  of  (10c)  we  must  have 

(31)  X  =  0      p  =  0,1, ,p+2N 

According  to  the  definition  of  y  (t)   (as  given  in  (76)  of  [1])  and  the 
relationships  indicated  above  (29)  and  the  non-singularity  of  the  matrix  of 
(108)  of  [1]  we  obtain 

(32)  Ka  =  0 

y  (t)  =  0      t°  <  t  S  t1 

a 
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Thus  by  (31),  (30)  and  (29a)  there  results  in  particular  that 

(32)  \y  =   0  (0  <  Y  *  P),     Ka  =  0,    p.a1)  =  0    ya(t1)  =  0 
which  violates  condition  (81)  of  Theorem  8.2  of  [1] . 

We  have  thus  proven  that  if   a   is  a  normal  solution  then  the  multiplier 

o  r 

A   of  Theorem  8.2  of  [1]  cannot  vanish.   In  order  to  now  prove  the  first 

statement  of  Theorem  3.1  we  need  only  refer  to  the  relationships  above  (29) 

to  see  that  A   =  A  .   Thus  the  first  statement  of  Theorem  3.1  is  established, 
o    o 

In  order  to  prove  the  second  statement  of  Theorem  3.1  let   z  be  the 

ft  +   1  dimensional  vector 

z°  =  J* (a   ,6a) 
o     o 

zl  =  JY  (V5a)       x  -  yi  -  p;  yi  *  V  k  =  1»---»i 
I 

EP-P+J   =  j'      (a     5a)  j   =  i  2H 

p+j      o 

for  an  admissible  variation  6a      (where  Yt>P»^  are  the  terms  introduced  in 
(9)   and  J'(a  ,6a)      are  the  terms  of  (8)).  In  addition,  let   A  be  the  ft  +  1 

dimensional  vector  with  components   A   p  =  0,l,...,p+2N  p  ^  y, 

P  k 

Then  by  (30)  and  the  non-singularity  of  the  matrix  of  (10c)  we  see  that  the 
vector   z  belongs  to  an  ft  dimensional  space  Z  satisfying 

(33)  (A,z)  =0      z  e  Z 

Thus   A  must  belong  to  a  one  dimensional  subset  of  vectors.   Hence  fixing 

A  =  1   fixes  all  components  of  the  vector   A  and  hence  also  all  of   A 
o  r  p 

p  =  l,...,p+2N  p  ^  Yi,'   By  using  (29)  and  the  definition  of  p.(t)  and  u  (t) 

together  with  the  relations  indicated  above  (29)  and  the  non-singularity  of  the 

matrix  (108)  from  [1]  we  see  that  fixing   A   p  =  0,1, . . . ,p+2N;  p  ^  y,    then  also 

P  K 

fixes  p.(t),  u  (t),  and  K  .   Thus  fixing   A   fixes  all  the  A   ,  multipliers 
l      a  o  p 

in  addition  to  fixing  p.(t),  u  (t) ,  and  K  .   The  proof  of  the  second  statement 
of  Theorem  3.1  then  follows  from  the  relation  above  (29)  between  the  multipliers 
of  Theorems  6.1  and  8.2  of  [1].   Thus  the  second  statement  of  Theorem  3.1  is 

established. 
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6.   Proof  of  the  Inequality  (12) 

As  a  next  step,  consider  the  admissible  variations   <S  a   w  =  1 ft 

a) 

introduced  in  (10)  together  with  an  admissible  variation  V      in  the  class  Y 
introduced  above  (11).   Thus  we  have  the  variations 

&  a:  6  x(t)     6u(t)      6b.      w  =  1 Q 

V:  y(t)       v(t)        z         t°<  t  <  t1 

With  the  vector  0  =  (3  ,...,$„)   and  tt   as  parameters  and  referring  to 

the  proof  of  Lemma  11.1  of   [1]   we  construct  the  family  of  arcs 

0.(6,  tt):   x(t,6,Tr)   u(t,B,Tr)    b(t,3,Tf)   |b|  ^3,  |  tt  |  <  tt 
(where  6   and  tt   are  certain  positive  constants)  which  satisfy  the  system 
of  differential  equations  (119)  of  [1]  but  for  the  present  case.   Furthermore, 
an  examination  of  the  proof  of  that  lemma  will  show  that  because  of  property 
(10b)  of  the  variations   6  a    ,  then  the  family  so  constructed  satisfies 

0) 

(34)     i|/a(t,6,TT)  <  0        |3|^6     0<tt<tt"     t°<t<t1 
(i.e.  with   3  not  restricted  to  non-negative  values).   Thus  for  the  last  indicat- 
ed ranges  of   3,tt,   the  family   <x(3,tt)   is  in  the  class  A  defined  above  (71) 
of  [1].   We  shall  henceforth  understand  the  term,  the  family  <x(3»tt)   to  be  that 
family  with  the  parameter  ranges  of  (34)  unless  otherwise  specified. 

As  a  next  step,  we  see  according  to  the  definition  of  J   in  (7a)  that 

J  (a  )  =  I  (a  )   y=0.  l,...,p.   Thus  with  y,   as  the  indices  (9)  we  have 
Y   o     Y   o  k 

35)  J   (a  )<  0      k  =  1, ...  ,p. 

k 

Furthermore,  according  to  the  continuity  properties  of  the  functions  g   and  L 
defining   I   ,  there  is  a  neighborhood  0  of  the  arc  a        such  that   a  in  0  implies 


that  J    (a)  <  0   k  =  1, . . . ,p. 

Yk 

By  the  above  argument  we  then  see  that  an  arc  a.     in  the  family  a(3,Tr)  will 
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satisfy  all  the  constraints  of  (1)  if  a   e  0  and  if 

(36)  J  (a(0,TO)  ^0      Y*Yk      1<Y^P' 

J  (a(3,n))  =0      p  -  p'  +  l,...,p  +2N 

We  shall  henceforth  refer  to  an  arc  which  satisfies  all  the  conditions  of 
(1)  to  be  totally  admissible. 

In  order  to  show  that  there  is  a  one  parameter  family  of  totally  admissible 
arcs  which  is  contained  in  the  family  a  (3, it),  consider  the  system  of  equations 

(37)  J  <a(S,ir))  -  TrJ'(a  ,  y)  =  0      p  =  l,...,p  +  2N      p  x  y 

(1)  ,,-,,- 

which  is  defined  for   |3|  ^3,  p|  <  tt  .   According  to  Lemma  4.1,  the  functional 
determinant  of  (37)  with  respect  to  3-.,...30  at   3  =  n  =   0,  is  the  matrix  (10c). 

The  system  (37)  has  the  initial  solution  point  (3,tt)  =  (0,0).  Then  by  the  propertie 
of  the  family  a(3»n)  for  |3|^  3  ,  p|  ^  tt  together  with  the  Implicit  Function 
Theorem  and  the  non-singularity  of  the  matrix  of  (10c),  there  is  the  solution  to  (37) 
as 

(38)  3  =  3  (tt)      u  -  1 Q   ,   I  tt  I  <  t? 

03      0) 

2 
(where  tt   is  a  suitable  positive  constant)  of  class  C   and  satisfying 

3  (0)  =  0. 

0) 

By  reducing  if  necessary  the  value  of  it  we  can  guarantee  that   <x( 3  ( tt )  , tt )  e  o 
for   |  tt  |  <  ff  where  0   is  the  neighborhood  introduced  after  (35). 

Thus  according  to  the  properties  of  the  variation  V     and  the  statement  of 
(36)  the  family 

(39)  a(3(Tr),TT)      0   <  tt  <  fr 

(where  ff  has  been  further  reduced  if  necessary)  is  a  totally  admissible  family 
of  arcs  with   a(3(0),0)  =  ol  . 


(1)   Here,  as  always,  y ,       are  the  indices  of   (9) 
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Furthermore,  by  substituting  the  solution   3  (tt)   into  (37)  and  dif- 

co 

ferentiating  with  respect  to  tt   at   tt  =  0,   we  obtain 

(40)  Jp(ao>6,/)fBw(0)  =  °      P-1.....P+2N      p  *  yk,      w-l,...,fl 

dew(0) 

where  3'(0)   denotes  — 3 .   By  the  non-singularity  of  the  matrix  of  (10c) 

CO  dTT 

we  must  then  have 

(41)  B'(0)  =  0      to  =  l,...,fl  . 

CO 

Thus  by  Lemma  4.1  we  obtain 

(42)  '  du(t   6(0), 0)      .   6u(t)8.(0)   +  v(t)   =   T(t)  t'uul 

UTT  CO  CO 

db<B(0>>Ql         =6b3'(0)   +   z=Z 

dir  co     co 

where  the  terms  other  than  B'(0)   in  the  right  hand  side  of  (42)  are   those 

co 

introduced  above  (34). 

Now  let  G  be  the  function  of  (76)  of  [1]  and  define  the  function  J 
on  the  family   ^(8  (tt)  , tt)  as 


(43) 


c.  „ic  ,,  ,    s  N  1  c=l 


t1 


J  00     =      [P±(t      )X1C(b(TT))]^=^    +    X     g^(b(TT))     +    /oG(S,TT)ds    + 


X    iMJ..[X10(b(TT))-     X     (t°,TT)]  Y     =     0,1 P 

p+N+i 

ic 
where:  (i)p(t)   are  the  multipliers  previously  referred  to  (ii)  X    and   e 

are  defined  in  the  problem  statement  and  iii)  the  argument  (tt)  means 

(8  (tt)  ,tt)  for  the  family  of  (39). 

Differentiating  (43)  at   tt  =  0   and  using  (42)  yields 

c-1  t1 

(44)   dJ(o)    r   /4.c»  p  vic  ,      ~  ,      r  r    i       k,,   , 

-dir =  [pi(t >  v    ho +  Wy  +  /0[G  ±y  +  G  kv  ]ds  + 

t    X         u 

r  r  ,-io    i ,   o.  , 
Xp+N+i[V   -7<*>1 

ic  ic   o 

where  for  example  the  term   6.X    is  defined  as  X   z  ,i.e.,  the  variation 

b 
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ic 
in  the  functions  X    due  to  the  variation  V     and  where  in  (44)  we  have  used 

(42). 

Furthermore  by  (80)  and  (89)  of  [1]  we  have 

G4  =  0      G  .  =  0 

i  k 

x  u 

so  that  we  may  eliminate  the  integral  in  (44)  and  write  that  relation  as 

c=l 

(46)   dJ(Q)     r   /..c.j.  vic,     ,  T  x      ~         rr  vio    i-  oxl 

/    =  [p.(t  )6..X   ]    +  A  6,,g  +  X      ,  XT  ,  .  [6,,X   -  y  (t  )]  = 
d-rr       *i     y  Y  y°Y    p  +  N  +  iy      J 


y  V*y        p 
m  j   -y^t0) 

p  +  N  +  i 


c=o 

i/^o 


the  last  equality  following  from  the  transversatity  condition  (77)  of  [1]. 

According  to  the  properties  of  our  family  of  (37)  as  established  in 

Lemma  4.1  together  with  the  properties  of  the  solution  8  (it)  of  (41)  we  can 

u 

differentiate  (43)  a  second  time  to  get 

c=l 

(47)      d  J(Q)         r    i      cWvic         ox        Tric  db    ^  ~    ,  a  t  d  b    n 

—TT  =   [p    (t  >(XKa,xz  z     +  \o-T)]         +  \\a   r2   z     +  \oTT]  + 
dir  b    b  b      d-rr  b      b  b    (in 

1  C=° 

t        .  .  .  ,         ,  ,        ,2  i       ,2  h 


frr.        IJ.oo       lni^       nKL^,  ax  ^     a  U  ,, 

G  .  ,y  yJ  +  2G  .  ,  y  v  +  G  ,  ,  v  v  +  G  .  — =-  +  G  ,  Tr~]ds   + 

*  i  i         i  tr        hk        i  ,  2      h  ,  2 

o   x  xJ         x  u         u  u         x  air      u  on 


,2,  o  j2  i/.Ov-, 

1  TY10    „CLT  -I-  Y10  d  b     d  X   (t  )J     A      A     ..  1        M.  -  1        r. 

bb         b   dir     d-rr  ,  ,    .  ni      „ 

h,k  =  1,...,K;     y  =  0,1,. ..,P 

where  all  derivatives  with  respect  to  b,  x,  u,  are  formed  along  a       while  all 

derivatives  with  respect  to  tt   are  formed  at   (8(tt), tt)  =  (8(0),0),  i.e.,  at 

tt  =  0  on  the  family  of  (39). 

As  a  next  step  we  recall  from  the  construction  of  Lemma  11.1  of  [1]  that 

the  initial  points  x(t  ,  B  (tt)  , tt)   were  selected  with 

x(t°,e(7T),Tr)  =  X(8(tt),t0 

where  the  function  X  was  constructed  such  that 


(1)   The  terms  G  .  .   denote  the  second  order  partial  derivative  of   G  with 

1  3 
x  x 

respect  to   x  ,x   and  the  other  terms  have  similar  definitions. 
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(48)  At°,X(B(TT),7T))  "  [>At°)  +  ij/^Ct0)  (ew(^)«Swxi(t°)  +  iry^t0))]  =  0 

X 

a  =  1, . . . ,m     a)  =  1, .  .  .  ,fl 


where  the  functions  X  are  those  of  Lemma  10.4  of  [1],   According  to  the 
properties  of  the  functions  involved,  we  can  differentiate  twice  with  respect 
to   tt   at   it  =  0  to  obtain 

(49)  t«(to)Ii^.B-«xV)]+*°11<to)^^--0   Ui   '  \ ! 

1  .ZUOJ  lldTTdTT  0)    =     l,...,ft 

X  dTT  X    XJ  ' 

d  6u/o) 
where  the  unlisted  arguments  are  at   tt  =  0   and  where  3"(0)   denotes  ~ — 

CO  .  2. 

dv 

According  to  (77)  from  [1]  together  with  (42)  evaluated  at   t  ,  (45)  and  the 

relations  above  (29)  we  may  use  (49)  to  re-write  (47)  as 

/rr>N      j2t//.x       f  .  c=l  "1  io 

(50)  d_J(^  J  (tc)xic  +  Ut+  Ka  a        o  at   _ 

d,2       L  Pl  bV  Y\VJ  x1  bV 


c=o 

1 


fc"  ih 


B"(0)5   x^t0)]   +  KV,    1(t0>yx<t<V(t°)   +    f[G    .    .yV  +  2G    .    ,yV  + 
go  co  l  *  o        x  in 

x  xJ  t        x  xJ  x  u 

G  h  kvhvk]dt  h,k  -  1,...,K;  i,j   =  1,...,N; 

u  u 


a,x=l,...,r;  y  -  0,1, . . . ,P. 

Recalling  the  definition  of  the  function  G  of  Theorem  6.1  of  [1]  as 
listed  in  (5)  and  using  the  relations  indicated  above  (29)  together  with 
property  (llf)  for  the  variation  V    ,  then  (50)  may  be  written  as 

c=l 


(51)      d2J(Qi    _lr        ,,cwic 


=  [[r,(t  )X   „  J        +G 


+  kV.   .(t°)xVL0zT 

xV  babTJ 


d/  x        bV  b% 

L_  c=o 

t1 

-KV.(t°)B"(0)«   x^t0)   +      ?G    .    ,yV   +2G    .    jV  +  G  ,    .vVjci 

i  co  co  6    i  ]  l  h  h  k 


t      x  x  x   u  u  u 
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Referring  to  (43),  we  see  that  according  to  the  definition  of  G  in  (76) 
of  [1]  and  J  p  =  0,1,..., p  +  2N  in  (8)  there  results 


(52) 


J(tt)  =  J  (tt)  +  A  J  (tt)  +  A(tt) 
o       pp 


p  =  1,... ,p  +  2N 


on  the  family  of  (39)  where 


A(ir)  =  A(3(tt),tt)  =  /ya(s)4»a(s,B(TT),TT)ds 

.  o 


a  =  1, . . .  ,m 


and  the  functions  u  ,  cj>   are  as  used  in  Section  1.   In  addition,  according 
to  the  properties  (lib)  for  the  variation  V     together  with  Lemma  2.1  and  the 
property  (10b)  for  the  variations   5  a  we  obtain  with  a  not  summed.' 

0) 


(53) 


lim 
t+t 


lim 
t+t 


V  (t)  VaM   "  "«(t) 


t  "   t 


<5yAt)  ya(t)  -  ya(t) 


t  -  t 


=  0 


=  0 


a)  =  1, . . .  ,ft 


t°  <  t   <  t1. 


a  not  summed, 


(1) 

Thus  according  to  the  admissibility  of  the  variations  5  a  ,y      and  the 


continuity  properties  of   u   as  expressed  in  Theorem  6.1  of  [1] ,  we  have 

,  y  (t)5  «At)  -  y  (t)6  ^a(T) 

(54a)  —  [ua(t)M  (t)]  =  lim = 

t-*t  t  -  t 


6  ^(t)  -  6  ^a(t)  y  (t)  -  y  (t) 

lim  y  (t) +  lim  6  iJj  (t)  

■  —  a            —          —  u  — 

t->t           t  -  t  t+t  t  -  t 


^.w'/c 


u  =  l,...,fi    a  not  summed. 


(I)  See  11.1)  of  [1]. 
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and  similarly  for  V     so  that 

(54b)  ^  [ya(7)6^a(T)]  =  ua(c")6^a(t)     a  =  l,...,m      t°  <  t  <  t1  . 

a  not  summed. 

In  order  now  to  evaluate  the  term  A(tt)   introduced  above,  we  recall 
from  the  construction  of  Lemma  11.1  of  [1]  but  for  the  present  case  that 

(55)  At,3(^),TT)  =  At)  +  3^)6  Ja(t)   +  TT6ycf>a(t)    a  =  l,...,m; 

Then  as  the  family   0.(3(tt),tt)   contains  a       for  tt  =  0  we  must  have 

t1 

(56)  A(tt)  -   A(0)  -  /  u  (s)[6  (tt)5  As)  +   Tr6..<j>a(s)  ]ds. 

t° 


However,  by  (54)  this  becomes 

t1 

(57)   A(tt)  -  A(0)  =   /  itt^-Iu  (s)6v*a(s)]  +  $  (n)f-[u  (s>6  *a(s)]]ds  » 

J  ds  a    y  to   ds   a    to 

o 
t 

c=l 
[u  (tC)(6(Tr)5f^a(tC)  +  Tr6^a(tC))]  =  0 

c=o 


the  last  equality  following  from  properties  (11a)  of  the  variation   V  and  from 
properties  (10a)  and  (10b)  of  the  variations   6  a     together  with  the  property 

CO 

listed  oelow  (6)  for  the  multipliers  u  (t).   Thus  by  (52)  we  have 

(58)   J(tt)  -  J(0)  =  Jo(tt)  -  Jq(0)  +  xp[Jp^)  "  Jp  (0)3      P  =  0,1,...,P  +  2N. 

Next,  by  (29),  together  with  the  definition  of  the  family  of  (39)  under 
consideration, the  relation  (37)  and  the  properties  of  the  variation  V     there 
results 


(59)      X  J  (tt)  =  0      p  =  l,...,p  +  2N      p   not  summed. 
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Then  (58)  becomes 


(60)  J  Or)  -  J(0)  =  J  (tt)  -  J  (0) 

o       o 


for  the  family  of  (39). 

However  since  the  arc  a        is  a  solution  to  our  problem  and  as  the 

family  of  (39)  is  totally  admissible,  then  we  must  have  that 

(61)  J(tt)  -  J(0)  >  0 

Now  according  to  the  relation  between  the  function  H  of  Theorem  6.1 
of  [1]  and  the  function  G   of  (51) 

(62)  H  =  -p.  (t)x1  -  G 

as  given  in  (93)  of  [1],  we  see  that  in  (51)  the  derivatives  of  G  may  be 
replaced  by  the  derivatives  of  H.   Then  by  (46)  ,(51)  and  these  remarks,  the 
inequality  (12)  will  be  proven  if  we  prove  that 

(63a)  J      +  .yV)  =  0 


(63b: 


i,  o.     a  a  /..o.  „,_*  s      1,  o 


)    a    ,  M      .e"(0)5  x  (t)  =  KV(t  )e"(o)5  xx(t)  =  0  co  =  i,...,n 

p  +  N  +  iw    a)  ±  u)    w 

X 

the  first  equality  in  (63b)  following  from  the  relations  above  (29).   This  re- 
sult will  be  established  in  the  following  section. 

7.   An  Auxiliary  Lemma. 

Lemma  7.1  Let   a.    j  =  l,...,m  be  those  indices  such  that    ip  (t  )  =  0, 

1     N 
Then  given  the  N  dimensional  vector  D  =  (d,...,d  )  satisfying 
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(64)  )   J(t°)di  =  0      j  -  l,...,i 


1 
x 


^Bi(t°)d1  =0      if   p  (t°)  *  0 
x 


the  relation 


(65)  A   ,      .d1  =  0 

p  +  n  +  i 


is  also  true. 

Proof:   According  to  the  above  definitions  together  with  the  properties  of 

a 
the  functions  ty   ,     we  may  select  a  positive  constant   6   so  small  that 

(66)  ^(t)    <  0      B  *  a.      j  =  l,...,rtt      t°  <  t  <  t°  +  6 


Define  the  K  dimensional  arc  w  satisfying 


(67a)   w  (t  )  =  i|>   (t  )d 
x 

-ty    .  (t  )d  )-  ,o        o     . 

•  Ct/  Ov    T    l        6        t   s  t  ^  t   +  6/2 


(67b)   wu(t  )  = 


x 


0  t°  +  6/2  <  t  <  t1      a  =  1,... ,m 

(67c)   wr(t)  e  0  r  -  m  +  1 K        t°  <  t  <  t1 

Then  w  is  in  the  class  W  of  Section  13  of  [l].By  Lemma  13.1  of  [1],  we  can 
find  an  admissible  variation 

6a:  6x(t)      6u(t)      6b      t°  <  t  <  t1 

satisfying 
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js   o     js 
(68a)   6x   (t  )  =  d        j   *  i       s  =  1,...,N  -  m 

s    p 


(68b)    6b  =  0 


where  i   are  the  indices  of  (108)  of  [1]  and  such  that 

(68c)   i|;ai(t)6xi(t)  e  6ij,a(t)  =  wa(t)      a  =  l,...,m 
x 


(68d)   6<J)r(t)  =  wr(t)      r  =  m  +  1,...,K      t°  <  t  <  t1 


According  to  the  above,  and  due  to  the  admissibility  of   6a  we  have 
that 

r(-*°.(t°)dj)f       t°  <  t  <  t°  +  6/2 

(69a)   6  At)  =  ^<S*a(t)  =  wa(t)  =  )        x1 

^   0  t°  +  6/2  <  t  <  t1 

and  by  (67c)  and  (68d)  also 

(69b)      6/(t)  =0      T  =  m  +  1,...,K      t°  <  t  <  t 1 

Furthermore,  by  (67a)  and  (68a)  together  with  (68c)  evaluated  at   t 

we  obtain 

i      i 
(t°)[c 

P 


(70)      ipCti  (t°)[d:p  ■  6x  P(t°)]  =0      p,a  =  l,...,m, 


x 


where   i   are  the  indices  of  (68a).   Then  by  the  non-singularity  of  the 

P 

i         i 
matrix   (A  (t°))  (see  108  of  [1])  we  see  that   6x  P(t°)  =  d  P   p  =  l,...,m 

xlp 


so  that  together  with  (68a)  this  becomes 
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(71)  6x1(t°)  =  d1      i  =  1,...,N 

Next,  by  155-2)  and  Lemmas  11.1  and  15.1  all  of  [1]  together  with  (69) 

and  (68b)  we  get  by  computing  the  variations  of  our  functionals  J   with 

P 

the  above  formed  variation,  that 
t°  +  6/2 

(72)  I     J  F   kCak<-*Vt0)di)f  dt-^p  +  N  +  idl^°      P-0.1.....P  + 

o         pu        X 

(where  the  functions  F   and  t,  are  defined  respectively  in  (67)  and  (6  4)  of 

pa 

[1]).  Recalling  the  definition  of  the  multipliers  y  (t)   given  in  (74)  and 

(76)  both  of  I'l],  we  see  that  (72)  may  be  written  in  the  form 

t°  +  6/2 

(73)  (V^tV)!/       y  dt-X  +H+±d1  .0. 


Now  if   a  =  a.   1  <  j  <  in   (where  these  are  the  indices  of  £4))then  the  first 
term  of  (73)   vanishes,  while  if   a  *  a .    j  =  l,...,m  then  by  Lemma  2.1 

we  know  that  y  (t)   is  constant  on   [t  ,  t  +  6/2]   so  that  the  first  term 

a 

of  (73)  becomes  for  each  such   a 

(74)  -y  (t  )^a.(t  )d       a  not  summed. 

a      i 
x 


which  according  to  the  second  part  of  (64)  also  vanishes.   Thus  the  first 
term  of  (73)  vanishes  for  a  =  l,...,m  and  we  get 

(")  -x  +  N  +  /  *  o. 
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Now  replace  the  vector  D  of  the  hypothesis,  by  -D.   The  above  argu- 
ment holds  in  an  analgous  fashion  for  -D  with  the  analogue  of  (75)  being 

(76)  -Xp  +  N  +  ^-d1)  >.   0 

Thus  we  obtain 

(77)  X   ,  M  ,  .d1  =  0. 
v  p  +  N  +  l 

and  the  lemma  is  proven. 

By  referring  to  properties  (10a)  and  (10b)  for  the  variations   6  A 
and  to  properties  (11a)  and  (lie)  for  the  variation  V      ,  we  see  that  the 
hypotheses  of  Lemma  7.1  is  satisfied  by  these  variations.   Thus  (63)  is 
proven  and  Theorem  3.1  is  established. 
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